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Abstract

This paper extends Hotelling’s spatial competition framework to two-dimensional markets
with linear consumer demand and probabilistic firm choice. Consumer density can be non-
uniform across the region, firms compete in prices and locations, and consumers choose ac-
cording to a logit specification based on the lowest delivered price. We prove existence of price
equilibria in the static game and establish existence of subgame perfect Nash equilibria in a
dynamic extension with sequential firm entry and fixed entry costs. Depending on parameter
values, the model generates both minimum and maximum product differentiation. Numerical
simulations illustrate market outcomes under various configurations and consumer distribu-

tions.

1. Introduction

The spatial dimension of firm behavior was popularized by Hotelling (1929), who studied location
and price setting on a unit interval [0, 1] (a stylized “Main Street”). Both Hotelling and those who
followed assumed that consumers choose among firms based on delivered (effective) prices—the
defining assumption of spatial competition theory. Related ideas appeared earlier in the work of
Launhardt (1885); see Dos Santos Ferreira and Thisse (1996) for discussion.

Despite decades of research building on Hotelling’s foundation, three simplifying assumptions
have proved remarkably persistent. Models are usually one-dimensional. Consumer distributions
are usually uniform. Consumer choice is usually deterministic—the nearest firm captures all
demand. Each assumption is tractable in isolation; together they leave a substantial gap between
the theory and actual markets.

We relax all three at once. The model is set on a compact two-dimensional region with an
arbitrary consumer density and probabilistic (logit) choice. In the static case we prove that price
equilibria exist. We then extend to sequential firm entry with fixed costs; subgame perfect Nash
equilibria exist, and the monopoly entry problem admits a closed-form solution. Numerical
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simulations show that the model generates both firm clustering and dispersion depending on
parameters, and we characterize how market structure responds to entry costs, market size, and
competitive intensity.

The literature has addressed each of these problems, though typically one at a time. A well-
known modification is the circular model of Salop (1979), which removes the boundary issues
present in Hotelling’s line. Probabilistic consumer choice was introduced through the conditional
logit model of McFadden (1974), later formalized for empirical use by Ben-Akiva and Lerman (1985).
These models allow for smoother demand substitution across firms.

Attempts to generalize beyond the line have also continued. Barro (2024), four decades after
Salop’s initial work, reexamines a circular market, analyzing markups and firm entry. Tsai and Lai
(2005) proposed a triangular market structure. In central place theory, the optimal configuration
for a single good is hexagonal, assuming uniform density and equal accessibility—though De Serpa
(1986) argued that the specific polygon shape does not affect equilibrium outcomes. Drezner and
Drezner (2017) and Drezner and Eiselt (2024) show that when consumers patronize the nearest
firm, each firm’s market share equals the area of its Voronoi cell. This geometric insight motivates
the joint analysis of market shape, firm strategy, and consumer behavior.

A separate question concerns where firms end up relative to each other. Both dispersion
and agglomeration are observed in practice. In his model, Hotelling introduced the concept of
“minimum differentiation”, which describes firms’ tendency to cluster around the center of the
market. In a spatial market, when the product is homogeneous, the only form of differentiation
available to a firm is its location—hence the term minimum differentiation. However, Hotelling’s
original formulation, as shown by D’Aspremont, Gabszewicz, and Thisse (1979), is problematic,
and a Nash equilibrium does not exist when firms are sufficiently near each other. When transport
costs are linear, firms have an incentive to deviate slightly towards the center to capture a larger
market share, which makes any possible configuration unstable.

Two-dimensional work goes back at least to the 1970s. Cahan et al. (2021) argues that classic
stylized 2-D models often lack realism and that a network-based approach may be more suitable;
that work also notes that most generalizations still assume consumers always go to the nearest
firm, which is not required. Cox (1987) dropped this assumption, proposing a probabilistic choice
model where consumers are more likely to patronize nearby firms but may still buy from more
distant ones—captured by a probability vector over firm ranks by distance.! Larralde, Stehle, and
Jensen (2009) modeled consumer choice with a logit rule in a continuous two-dimensional space,
with each consumer choosing based on a generalized delivered price (mill price plus quadratic
transport cost). Both contributions, however, focus more on the location problem than on price.?

Wrede (2015) also introduces probabilistic consumer preferences to Hotelling, adding endoge-
nous residential choice. Firms choose location and price along a linear city, while consumers
choose where to live and which firm to patronize, based on a logit utility with random preference
heterogeneity. The continuous logit structure guarantees existence and uniqueness of a subgame
perfect Nash equilibrium—resolving the non-existence problem of D’Aspremont, Gabszewicz, and

IThe classical Hotelling model corresponds to the “degenerate” case where the entire probability mass is on the nearest
firm.

2In Larralde, Stehle, and Jensen (2009), in particular, price is the same for all enterprises, set at a common value, so
competition is exclusively spatial; even though price enters consumer utility, it is not subject to strategic optimization.



Thisse (1979) under linear transport costs. This contribution, however, is restricted to 1-D modeling.
Most of these models also retain Hotelling’s duopoly on a line. Brenner (2005) relaxes the duopoly
restriction, extending the classic Hotelling model to markets with three or more firms competing
in location and price, assuming quadratic transportation costs. He shows that, unlike the duopoly
case, equilibria with more players exhibit neither maximal nor minimal differentiation. Firms
tend to adopt asymmetric and interior positions, and pricing follows a U-shaped pattern, with
corner firms often pricing more aggressively. Brenner derives explicit solutions for up to five
players and uses numerical simulations for up to nine.

A further common feature of the literature is the assumption of a uniform distribution of
consumers. This assumption has been widely explored (Neven 1986), but more general models—
allowing for non-uniform distributions—can encompass several classical frameworks as special
cases. For instance, the Bertrand duopoly can be seen as a specific instance of Hotelling competition
with a non-uniform consumer distribution, as in Rashid (2016). In his model, the price-setting
stage mirrors Hotelling’s when consumers are clustered near the two firms located at a given
distance. Here, the distance determines the price gap required to induce switching: if prices are
in this range, firms share the market; otherwise, the cheaper firm captures all demand. Taken
together, this body of work points in a consistent direction: geometry and consumer behavior both
matter, and models that fix either one artificially tend to miss things. Hotelling’s linear city with
uniform consumers and deterministic choice is a useful benchmark—but only a benchmark.

The paper proceeds as follows: Section 2 presents the core static model and establishes exis-
tence results for price equilibria. Section 3 extends the framework to dynamic entry with fixed
costs, analyzing the monopoly case in detail and characterizing equilibrium market structure.
Section 4 connects the framework to classical models as limiting cases. Section 5 uses numerical
simulations to illustrate market outcomes and examine spatial differentiation. Section 6 concludes.

Proofs and technical details appear in the Appendices.

2. The Static Model

Consider a compact, convex region S c R? describing a geographic market. Consumers are located
in the space and are immobile. Let p : S — R, denote a continuous, bounded consumer density
with total mass

M = fsp(s)ds.

We assume M > 0 is finite.

REMARK 1. Unlike the classical uniform-density assumption, we allow p to be non-uniform and potentially
multi-modal, reflecting realistic population patterns.

In the market, there is a number N of firms selling a homogeneous good, indexed by N =
{1,...,N}, each located at x; € S. Firms compete by setting prices p; € [c, p], where ¢ > 0 is
the common marginal cost. We assume p is low enough to ensure full market coverage: since
Pi(s) e [c,p+ td] for all s € S and all i, we impose P + td < «/y, so that g;(s) = « — YP; (s) >0
throughout the strategy space.’

3Equivalently, one can introduce an outside option or truncate individual demand at zero; we abstract from this to keep



Equal prices Firm 1 cuts price

FIGURE 1. Market areas defined by the lowest effective price (similar to a weighted Voronoi partition).
The left panel shows the case when all firms have the same price. The right panel shows the case
when firm 1 lowers its price. Dots mark firm locations.

Consumer Behavior and Demand

The effective price paid by a consumer at location s buying from firm i is:

P;(S) =pi+t'd(s:xi): (1)

where ¢ > 0 is the transportation cost rate and d(s, x;) : S x S - [0, d] represents the transportation
cost function, assumed continuous in both arguments and convex in x;.
Consumers have linear demand. The quantity demanded by a consumer at location s from
firm iis:
gi(s) = x—vPi (s), @)

where o > 0 and y > 0 are demand parameters.

Consumers are more likely to buy from firms offering lower effective prices. We model con-
sumer choice probabilistically with a logit approach similar to Larralde, Stehle, and Jensen (2009);
thus, the probability that a consumer at location s chooses firm i is:

exp(—B P} (s))
Z?il eXP(_B P;—(S)),

Prob(i|s,p) = 3)

where 3 > 0 is the logit parameter reflecting consumer sensitivity to effective price differences. As
B — oo, choices become deterministic and consumers select the firm offering the lowest effective
price.

Figure 1illustrates the induced (deterministic) market areas as firm prices vary, showing the
case of equal prices (left panel) and the effect of a unilateral price cut (right panel).

the demand system smooth.



The spatial demand for firm i, given the price vector p = (py, ..., py), is:
Qi(p) = /SP(S) (oc—yP; (s)) Prob(i| s, p) ds. @)

The Optimal Price Problem

In the static scenario—fixed locations, N firms—each firm chooses its price to maximize profit,
taking the locations and prices of rivals as given. Firm i solves:

M;(p) = (p;—¢)Qi(p) 5)
max T1;(p) (6)
pi€le,p]

We now establish the existence of price equilibria in this spatial competition framework.

ASSUMPTION 1 (Quasi-concavity of profits). For each firm i and every fixed p_;, the profit function
IT;(p;, P_;) is quasi-concave in p; on [c, p].

THEOREM 1 (Existence of Price Equilibrium). Under the assumptions above (continuous bounded
p, a>0,v>0,3>0,t>0, finite p > ¢, compact strategy sets [c, p] where p ensures q;(s) > 0), a logit
consumer choice function with linear individual demand, and Assumption 1, there exists at least one
pure-strategy price equilibrium.

PROOF. (Sketch, following Glicksberg’s theorem (Glicksberg 1952). The complete proof is given in
Appendix B)

Step 1: Compact, Convex Strategy Sets. Each firm i chooses p; from the interval [c, p], which is
compact and convex.

Step 2: Continuity of Profit Functions. IT;(p;, p_;) is a continuous function of all prices (see
Appendix B).

Step 3: Quasi-Concavity in Own Price. Assumption 1 ensures that each firm’s objective is quasi-
concave in its own price. Appendix B provides a sufficient condition in terms of derivatives of
Qi-

Step 4: Glicksberg’s Fixed Point Theorem. With continuous payoffs, compact convex strategy sets,
and quasi-concave payoffs, at least one pure-strategy Nash equilibrium exists. O

The existence proof applies Glicksberg’s fixed point theorem, using the properties of continuous
payoffs, compact convex strategy sets, and quasi-concavity of profit functions (Assumption 1).

While the uniqueness of price equilibria can be established under certain conditions (when
the direct own-price sensitivity of demand is sufficiently strong relative to competitive cross-price
effects), we focus here on existence, which is sufficient for our analysis of the dynamic entry game.

3. Dynamic Entry with Fixed Costs

We now introduce firm entry decisions with fixed costs. Market structure—how many firms enter
and where they locate—becomes endogenous.



The Dynamic Entry-Location-Price Game

Consider an infinite-horizon dynamic game with entry cost F > 0 and a common discount factor
b€ (0,1):
- 0dd periods (7 = 1,3,...) (Entry stage): A potential entrant (firm N._; + 1) observes the
locations x._1 of incumbent firms and decides whether to enter. If entry occurs, the entrant
chooses location xj to maximize anticipated profit:

max Wg (X1, Xg) @)
XgeS
where Wg(x._1, Xg) is the potential entrant’s continuation value from entering at location xg,
defined as the discounted net present value of future price-stage profits minus the fixed cost F
under equilibrium continuation play (see Appendix D). Entry occurs if and only if
maXy,cs Wg(Xc-1,Xg) > 0.
- Even periods (T = 2,4, ...) (Price competition stage): Given locations x, firms simultaneously
set prices, leading to the equilibrium price vector p* (x) as characterized in Section 2.

ASSUMPTION 2 (Regularity of entry values). For every number of incumbents N and every incumbent
location profile xy;, the potential entrant’s continuation value Wg(Xy, -) is upper semi-continuous on S.

Initial Entry: The Monopoly Case

The first firm to enter the market, for the first two periods, faces no competition and acts as a
monopolist. This special case offers analytical solutions for both optimal pricing and location.

PROPOSITION 1 (Monopoly Price Formula). For a monopolist at location x;, the profit-maximizing
price is: B
¢ t-do(x)

- ®)

. o
pi(x) = E +

where do(x1) = ﬁ Jsp(s)d(s, x1)ds is the weighted average distance to consumers. This solution
assumes o - yc — ytdo(x]) > 0 to ensure pj(x]) > ¢, pj(x;) < P to guarantee positive demand
quantities, and that all consumers in the market consume from the monopolist.

PROOF. For a monopolist at x, profitis T(p;) = (p; —¢) [gp(s)(ec—y[p; +t-d(s,x1)])ds. Differen-
tiating with respect to p; and setting to zero:

Lo (@=vip + tdls, 2 Dds + (pr =) [p(s)(-v)ds =0
M(o—vp; - vtdo(x1)) - YM(p; —¢) = 0
a—yp ~vtdp(x1) ~yp; +vC=0

oc+yc—yt(_ip(x1) =2yp;

Therefore: -
* x C td (xl)
gty ©)
2y 2 2
The second derivative 921T/d p? = ~2yM < 0 confirms this is a maximum. O



PROPOSITION 2 (Monopolist Location). The monopolist chooses the location x| that minimizes the
weighted average distance to consumers dp (x1).

PROOF. Substituting the optimal price into the profit function:
M _
M) = 3 (x=ve-vido(x1))’ (10)

Assuming a—yc—ytdy (x1) > 0 (ensuring positive demand), maximizing profit requires minimizing
dp(x1). O

REMARK 2. For uniform consumer density (p(s) = constant) in a convex region S and Euclidean distance,
the optimal monopolist location solves the (continuous) Fermat-Weber problem, i.e., it is a geometric
median of the uniform distribution on S. More generally, for arbitrary p and distance function d, x; isa
weighted 1-median (Fréchet median) of the induced distribution.

REMARK 3. The optimal price decreases with average distance: higher transport costs for distant consumers
reduce the quantity they demand, so the monopolist lowers the mill price to retain them.

If the market is initially empty, a necessary condition for the first firm to enter is that the
perpetuity value of monopoly profits exceeds the entry cost:

M(x7)
1-38

>F (11)

This condition is exact when no further entry occurs; in general the first entrant’s continuation
value depends on subsequent entry (see Appendix D). If entry occurs, the first entrant locates at
x; and sets price py (x] ) as characterized above in the initial monopoly phase.

Equilibrium Analysis with Multiple Firms

After the first entry, subsequent firms may enter sequentially, each choosing their optimal location
given the existing configuration of incumbents.

THEOREM 2 (Existence of SPNE with Entry). Under the assumptions of our model, with a positive
fixed entry cost F > 0, a common discount factor 6 € (0,1), assuming the price equilibrium exists for any
configuration of firms, and Assumption 2, there exists a subgame perfect Nash equilibrium (SPNE) in the
infinite-horizon entry-location-price game.

PROOF. See Appendix D. O

THEOREM 3 (Non-Uniqueness of SPNE with Entry). The entry-location-price game generally admits
multiple subgame perfect Nash equilibria, distinguished by different numbers of firms, different location
configurations, or both.

PROOF. See Appendix D. O

An equilibrium market structure exists, but typically not a unique one. Multiplicity arises from
four sources: multiple optimal locations for each entrant, path dependence in sequential entry



decisions, strategic entry deterrence by incumbents, and the integer constraint on the number
of firms. As a result, comparative statics in N* are stepwise: parameter changes may leave N*
unchanged until a threshold is crossed.

Equilibrium Properties

PROPOSITION 3 (Market Structure Properties). The equilibrium number of firms N* in the entry-
location-price game with fixed cost F:

a. Decreases with F (higher entry costs lead to fewer firms)

b. Increases with market size M (larger markets support more firms)

c. Decreases with parameters that intensify price competition (3 andy)

d. Increases with parameters that soften price competition (larger t)

Note. Since N must be an integer, these changes occur in discrete steps (e.g., N* remains constant for a
range of F before jumping down,).

PROOF. See Appendix D. O

The comparative statics are intuitive: entry costs and competitive intensity push toward con-
centration, while market size and transport costs work in the other direction.

PROPOSITION 4 (Comparative Statics). Assuming a price equilibrium exists for any configuration of
firms, we obtain the following comparative statics:
a. Increasing 3 (more price-sensitive consumer choice) generally leads to lower equilibrium prices p; .
b. Increasingy (higher price sensitivity of demand) generally leads to lower equilibrium prices p; .
c. Increasing t (higher transportation costs) tends to increase equilibrium prices p; by softening compe-
tition through greater spatial differentiation.
d. Increasing o (higher base demand) generally leads to higher equilibrium prices p;.

PROOF. See Appendix C. O

The directions are intuitive. Higher 3 and y make consumers more price-responsive, so com-
petition intensifies and prices fall. Higher transportation costs (¢) increase spatial differentiation
and allow firms to sustain higher prices. Higher base demand (o) raises willingness to pay and
pushes prices up.

4. Relationship to Classical Models

Our framework connects to classical spatial competition models as limiting cases. In particular,
under unit demand and in the deterministic choice limit 3 — oo, market areas coincide with those
in Hotelling’s linear city and Salop’s circular city.

4.1. Hotelling’s Linear City

PROPOSITION 5 (Hotelling Special Case). Let S = [0,1] x {0}, p(s) =1, d(s,x) = |s— x|, and N = 2.
Assume unit demand and full market coverage. Then as 3 — oo, consumer choices become deterministic



and market areas become intervals defined by the lowest effective price P} (s) = p; + t|s — x;|, recovering
Hotelling’s linear city.

PROOF. As 3 — oo, Prob(ils, p) — 1 for the firm with the lowest P} (s). With unit demand, Q;(p) ~
length(V;(p)), where V;(p) is the region where firm i offers the lowest effective price. This recovers
Hotelling’s model. O

4.2. Salop’s Circular City

PROPOSITION 6 (Salop Special Case). Let S be a circle of circumference L, p(s) = 1/L, and let d(s, x)
be arc distance. Assume unit demand and full market coverage. As 3 — oo, market areas become arc
segments, recovering Salop’s circular city.

PROOF. Similar to the Hotelling case, Q;(p) — length(V;(p))/L as p — oo, recovering Salop’s
model. J

REMARK 4. Both special cases require 5 — oo (deterministic consumer choice) and unit demand. Proba-
bilistic demand (p < oo) combined with a linear quantity response allows for smoother substitution and a
non-trivial quantity margin—both absent from the classical cases. For arbitrary convex distance functions
d, our model converges to a generalized Voronoi-Hotelling model as 5 — oo.

5. Equilibrium Analysis and Simulations

While the model guarantees the existence of a price equilibrium, its specific characteristics
for N > 1 are analytically intractable. We therefore use numerical simulations to illustrate the
geometry of market areas, the effect of heterogeneous consumer density, and the sequential entry
mechanism of Section 3. Unless otherwise stated, the simulations are conducted in a square market
S = [0,1]? with Euclidean distance. Integrals are approximated on a uniform grid and equilibrium
prices are computed by best-response iteration. The full computational protocol and baseline
parameterization are reported in Appendix A.

As a regularity diagnostic connected to Assumption 3, for each scenario we compute the
curvature ratio n;(p*) at the computed equilibrium prices and a conservative own-price scan. The
resulting values are reported in Appendix A (Table 1).

We first illustrate how the consumer choice sensitivity 5 governs the sharpness of market areas.
Figure 2 fixes three firm locations and compares the equilibrium outcome for increasing values of
B. For low B the market shares are diffuse, while for high 3 the induced partition becomes nearly
deterministic and approaches the Voronoi diagram.

The effect of § on equilibrium prices and profits need not be monotone. Economically, 3 con-
trols the strength of substitution across firms through the logit term: letting L;(s, p) = Prob(i | s, p),
we have 0L;/0p; = - L;(1 - L;). When f is small, shares are close to 1/N and weakly responsive
to prices, so a unilateral price increase does not shift much demand to rivals and equilibrium
markups can be high. As 3 rises to moderate values, substitution becomes stronger (both because
of the higher 3 and because L;(1 - L;) is sizeable), intensifying price competition and reducing
markups. For very large 3, however, choice becomes nearly deterministic: away from the bound-
aries between firms, L; is close to 0 or 1so L;(1 - L;) ~ 0, and competitive pressure is concentrated



Market Areas: Effect of Consumer Choice Sensitivity

B =20 (strong)

B=1 (weak) B =5 (moderate) (Voronoi overlay)

1.0

“0.0 0.2 04 0.6 08 1.0 “0.0 0.2 04 0.6 08 1.0
X X

FIGURE 2. Effect of consumer price sensitivity 3 on market areas (uniform density, three firms
at fixed locations). Colored regions represent market shares; dashed lines overlay the Voronoi
partition. As (3 increases, choice becomes more deterministic and market areas converge to
Voronoi cells; equilibrium prices fall sharply from low to moderate 3 and then vary little at higher
B in this configuration. Labels report equilibrium prices and profits.

on a small set of consumers near indifference loci. In such highly segmented configurations, firms
may regain some local market power inside their (almost) Voronoi cells, so equilibrium prices can
vary little or even increase slightly with further increases in .

Consider now the dynamic model. In the first two periods there is only one firm in the economy
which will choose location first and then its price. The first firm is unaware whether new firms will
enter the market and will behave in this initial phase as a monopolist. We derived in Proposition 1
that the monopolist’s optimal mill price decreases linearly in the transport cost, because higher ¢
raises delivered prices and reduces quantities under linear demand. In particular, at the optimal

location x;” we have
x ¢ t-
() = —+= - —dp(xf
pi(x1) 2v 2 2 o(x1),
While the mill price decreases in ¢, the corresponding average delivered price paid by consumers
increases:
Py = pi(x) +tdp(x)-

C

Both objects converge to the standard non-spatial monopoly price with linear demand, p,, = 5, + 5,

as t — 0. Figure 3 plots these comparative statics. !

After the first and second periods, new firms can choose to enter the market until entry is no
longer profitable.

We next illustrate the effect of heterogeneous consumer density on equilibrium prices and
market shares. Figure 4 considers a triopoly with fixed locations and compares the equilibrium
under uniform density to a market with a single demand peak. The firm located close to the peak
captures a larger market share and can profitably set a higher price.

Finally, Figure 5 illustrates a sequential entry path under uniform density and high (3. Starting
from a monopoly, each entrant chooses a location to maximize its post-entry profit on a finite
candidate grid, and prices adjust to the static equilibrium each period. The top panels display
selected stages of the entry path; the bottom panel plots the implied equilibrium number of firms

10



= mill price p*(t) (uniform, d = 0.387)
= = avg delivered P*(t) (uniform) -

321 .. non-spatial price p, = 2.75

price

0.0 0.5 1.0 1.5 2.0 2.5 3.0
transport cost t

FIGURE 3. Monopolist case. The optimal mill price py (x{ ) (solid) decreases linearly in the transport
cost t, while the average delivered price P; (dashed) increases linearly. The dotted line marks the
non-spatial monopoly price p,, = % + 5, which both objects converge to as t - 0.

N*(F) as a function of the entry cost F for this realized sequence of entry profits. Additional
numerical illustrations are reported in Appendix A.

5.1. Spatial Differentiation: Agglomeration vs. Dispersion

The model also pins down where firms locate relative to each other—the classic minimum vs.
maximum differentiation question (D’Aspremont, Gabszewicz, and Thisse 1979; De Palma et al.
1985). Two forces compete: a “demand pull” draws firms toward density peaks, while a “competitive
push” drives them apart to reduce price competition. Which dominates depends chiefly on the
consumer choice sensitivity 3.

REMARK 5 (Spatial Differentiation Regimes (Numerical)). In our simulations, we observe two regimes:

a. Agglomeration Regime: For sufficiently low values of B, firms tend to cluster.

b. Dispersion Regime: For sufficiently high values of 3 and transport cost t, firms tend to disperse to
soften price competition.

Figure 6 illustrates these regimes computationally in a market with a central density peak.
Firms enter sequentially. With low 3, the demand-pull dominates and entrants locate close to the
density peak (Panel a). With high (3 and t, the incentive to avoid head-to-head price competition
dominates and firms spread out despite the density peak (Panel b).

6. Conclusion

This paper took Hotelling’s framework to two dimensions, allowed for non-uniform consumer
density, and introduced probabilistic (logit) choice. We proved that price equilibria exist in the

11



Effect of Consumer Density (locations held fixed)

(a) Uniform density p(s) =1
1.0

(b) Market areas (uniform)

0.8

0.2 0.4 0.6 0.8
X

0.0 0.2

(c) Single-peaked density p(s)

5 0.6
>
0.4
4 ()
0.2 p=0.91
profit=0.49
0.0

p=0.95
profit=0.62

(2)
p=0.91
profit=0.49

0.4 0.6 0.8

X

(d) Market areas (non-uniform)

w
Density p(s)

(1)

p=0.94
profit=0.90

p=0.78
profit=0.24

(2)

p=0.79
profit=0.28

1.0

FIGURE 4. Effect of heterogeneous consumer density holding firm locations fixed (to isolate the
role of p in price competition). The left column reports the consumer density (uniform versus
single-peaked, normalized to integrate to one; peak marked by “+”). The right column reports the

corresponding equilibrium market shares. Labels report equilibrium prices and profits.
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Sequential Entry (B =15, uniform density)

1.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0
X

Implied equilibrium number of firms N*(F)

.| :

Entry cost F

FIGURE 5. Sequential entry illustration under uniform density (3 = 15). In each period a potential
entrant chooses the location that maximizes its post-entry profit on a candidate grid; prices are
the static equilibrium prices given locations. The bottom panel plots the entry threshold N*(F)
implied by the sequence of entry profits along this path. Labels report equilibrium prices and
profits.

(a) Agglomeration Regime (Low {3) (b) Dispersion Regime (High 3, high t)

FIGURE 6. Equilibrium locations for five firms under different differentiation regimes in a market
with a central density peak. The background shading indicates consumer density.
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static game and that subgame perfect Nash equilibria exist in the dynamic entry game with fixed
costs—though generally multiple ones, due to location multiplicity and path dependence. The
monopoly case admits closed-form solutions: the optimal location minimizes the weighted average
distance to consumers, and the optimal price decreases linearly with that distance.

The simulations show that the same model can generate both firm clustering and dispersion.
When consumer price sensitivity is low, the pull toward demand peaks dominates and firms
agglomerate. When sensitivity is high and transport costs are large, the incentive to avoid head-to-
head competition dominates and firms spread out.

The model connects to Hotelling’s line and Salop’s circle as limiting cases under deterministic
choice (3 - o0) and unit demand. The two-dimensional, probabilistic version is more general but
also harder to analyze: numerical methods fill the gap for multi-firm configurations.

Natural extensions include dynamic firm relocation, quality competition, and welfare analysis.
The setup can also be taken to data when consumer locations and firm prices are observed.

14



A. Numerical Implementation and Additional Results

This appendix describes the numerical implementation used to generate the figures in Section 5
and reports additional numerical illustrations.

A.l. Numerical Setup

Market, grids, and densities. We set S = [0,1]? and approximate integrals on a uniform n x n
quadrature grid (baseline n = 80). For non-uniform densities, we normalize p to have unit
mass, [;p(s)ds =1, so that profit magnitudes are comparable across density scenarios.

Price equilibrium solver. Given firm locations, equilibrium prices are computed by damped best-
response iteration over the compact set [¢c, p]"¥ (damping 0.5, tolerance 10~%, maximum 500
iterations).

Entry algorithm (illustrative). In sequential-entry figures, an entrant searches over an m x m
candidate grid (baseline m = 20) and enters at the location that maximizes its post-entry profit
given incumbents; prices then adjust to the static equilibrium. Because the entrant objective
can be flat in symmetric configurations, this procedure induces deterministic tie-breaking
and can generate path dependence (Figure 9).

Baseline parameters. Unless otherwise stated we use («,v,t,¢, p) = (5,1,1,0.5,3.5) and vary f3 as
indicated in each figure.

A.2. Numerical Comparative Statics

Figure 7 reports numerical comparative statics of equilibrium prices with respect to (B,7v, t, x),
holding firm locations fixed under uniform density. This complements Proposition 4 and the proof
sketch in Appendix C.

A.3. Entry Costs and Discounting

To illustrate how discounting can shift the entry threshold, Figure 8 plots N*(F) for different &
under the toy rule IT¢/(1 - 6) > F, where TT¢ denotes the entrant’s post-entry profit along a baseline
entry path.

A.4. Multiplicity and Path Dependence

Figure 9 illustrates how multiple optimal entry locations can arise in symmetric configurations.
Starting from the same set of incumbents, different deterministic tie-breaking in the candidate
search can lead to distinct final configurations.

A.5. Regularity Diagnostics for Assumption (R)

Table 1 reports max;n;(p*) at the computed equilibrium prices, together with a conservative

own-price scan n*"

on a one-dimensional grid p; € [c, p] holding p_; = p*; fixed. The scan is a
diagnostic for numerical regularity and should not be interpreted as a formal test of Assumption

3, which conditions on interior critical points.
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Numerical ComparatiV® Statics (52tions fix¥d Uniform density)
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FIGURE 7. Numerical comparative statics for equilibrium prices under uniform density and fixed
locations. Each panel varies one parameter while holding the others at the baseline values.

Entry threshold approximation: M¢/(1 —6) > F
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FIGURE 8. Illustrative effect of discounting on the entry threshold under the heuristic condition
mé/(1-5) > F.
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Path Dependence lllustration: Multiple Optimal Entry Locations

(b) Path A final (N = 5) (c) Path B final (N =5)

(a) Symmetric incumbents (N = 2) 1o
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FIGURE 9. Path dependence illustration (uniform density). Panels (b) and (c) show two distinct final
configurations obtained from the same incumbents under different deterministic tie-breaking in
the entrant’s candidate search.

TABLE 1. Regularity diagnostics for Assumption (R).

Scenario N max;n;(p*) max;ni"
Duopoly, uniform, $ = 5 2 0.2513 0.9884
Triopoly, uniform, 3 =5 3 0.5757 0.9922
Entry eq., uniform, N =6, 3 =15 6 0.8097 1.1255
Triopoly, uniform, 3 = 50 (stress test) 3 0.7568 24116

Triopoly close, 3 = 50 (stress test) 3 0.4781 1.0000

() 0
Notes: n;(p) = % as defined in Appendix B. The scan reports a conservative maximum over own
i

prices on [c, p] with rivals fixed at p*, and is therefore stricter than checking n;(p*) but not equivalent to
Assumption 3. The high-3 row illustrates that the diagnostic can exceed 2 in extreme regimes, motivating
the interpretation of (R) as a maintained regularity condition.
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B. Extended Proof of Theorem 1: Existence of Price Equilibrium

We apply Glicksberg’s fixed point theorem (1952) to establish existence of a pure-strategy Nash
equilibrium.

Compact, Convex Strategy Sets. Each firm i € N chooses p; € [c, p]. This interval is compact and
convex. The assumption on p is that p < min; ((a/y - ¢ d(s,x;)) and ¢ < P, ensuring g;(s) =
o —YP;(s) >0forallseSand p; € [c, p].

Continuity of Profit Functions. T1;(p) = (p; — ¢)Q;(p). The firm’s i demand is Q;(p) = [ p(s) (x -

YP?(s)) Prob(i| s, p) ds. Notice that:

a. P;.‘(s) =pj+t-d(s, x;) is continuous in pj-

b. gi(s) = o« —yP} (s) is continuous in p; (and positive by assumption on p).

c. Prob(ils,p) = exp(-BP; (s))/ Lrexp(-BP(s)) is continuous in all p;. Denominator is strictly
positive.

d. The integrand p(s)g;(s)Prob(ils, p) is continuous in p and bounded on S x [¢, p]V (since p
bounded, g;(s) € (0, o], Prob € [0, 1]).

e. By dominated convergence, Q;(p) is continuous in p.

f. TT;(p) is continuous as a product of continuous functions.

Quasi-Concavity in Own Price. Glicksberg’s theorem requires each IT;(p) to be quasi-concave in p;.
This is imposed in Assumption 1. A sufficient condition can be stated in terms of derivatives of Q;.
Fix firm i and rivals’ prices p_;. Write IT;(p;, p_;) = (p; — ¢)Q;(p;, P_;), Where

Qi(P)=[Sp(s)‘1i(3:P)Li(s)P)d5; qi(s,p) =x-YP;(s),  Li(s,p) = Prob(i|s,p).

Under our assumptions, differentiation under the integral sign is justified. Using 0L;/dp; = —BL;(1-
L;) we obtain:

Qi(p) = - [ p(5)[YLi(s,B) + Bai(s, P)Li(s, P) (1~ Li(s, p)|ds < 0,
Q/(p) =B [ p(s) Li(s,P)(1- Li(5 ) [2v + Bas(s, ) (1~ 2Li(s, ) ] s

At an interior critical point oTT;(p;, p_;)/0p; = 0, we have p; - ¢ = -Q;/Q}, and

2 N2 _ ; /!
(P p-i) = (QL)Q,QQI

Since Q! < 0, this critical point is a strict local maximum whenever 2(Q})? > Q;Q". Define the
curvature ratio

() - LR
M= T2

Then the strict second-order condition at any interior critical point is equivalent to n;(p) < 2.
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ASSUMPTION 3 (Regularity condition (R)). For every firm i, every p_;, and every interior p; € (¢, p)
such that oTT;(p;, p_;)/0p; = 0, we haven;(p;, p_;) < 2.

Under Assumption 3, every interior critical point of TT;(, p_;) is a strict local maximum, so
IT;(-, p_;) is quasi-concave on [c, p]. In particular, Assumption 1 holds.

REMARK 6. In the monopoly case N = 1, we have Ly (-, p) = 1, hence Q] = 0 andn = 0, so Assumption 3
is automatically satisfied.

Application of Glicksberg’s Theorem. All conditions are met, so at least one pure-strategy Nash
equilibrium exists.

C. Comparative Statics (Proof Sketch)

This appendix sketches the proofs for Proposition 4 and explains the economics behind each result.
A complete sign characterization in full generality requires additional restrictions on primitives
(or symmetry): the Jacobian and cross-effects are hard to sign in a general two-dimensional
configuration.

C.1. Preliminaries

Let p* denote the equilibrium price vector. At equilibrium, each firm’s first-order condition must

be satisfied: .
_oTi(pY) _
op;

1

Q) + (5 ) 24P Lo yiew 12)

F‘ *
i(P”) op;
To analyze how equilibrium prices change with respect to a parameter 0 € {3, v, t, «}, we apply
the implicit function theorem to the system of equations F;(p*, 0) = 0. Define the Jacobian matrix

OF;
T= 1§

]; j- The changes in equilibrium prices with respect to 0 are given by:

dp* -1 oF
=gt = 1
do I 00 (13)

where g—g = glgi ]; is the vector of partial derivatives with respect to 6.

Under conditions where the Jacobian J is invertible, and if all elements of % have the same

sign, and the off-diagonal elements of —J ! are non-negative, the corresponding elements of %

will have the same sign as — gz;i . This allows us to determine the direction of price changes.

C.2. Effects of Changing 3 (Choice Intensity)

For the choice intensity parameter 3, we have:

o _ 00

B 0P

* C) azQi

' op;op (4

. . - .0 . .
As B increases, consumers become more price-sensitive, making Qf more negative. This
1

op
increased elasticity pushes firms to reduce prices.
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At equilibrium, this effect typically dominates:

JF;
5§<0 (15)
If so for all i: -
P
ap <0 (16)

C.3. Effects of Changing vy (Price Sensitivity)
For the demand price sensitivity parameter vy, we have:

9%Q;
dp;0y

oy Oy

% (-0
1

17)
As vy increases, each consumer’s quantity demanded falls for a given effective price; demand
also becomes more price-responsive.
Both effects push in the same direction:

9F; <0 (18)

oy

Under the same condition: -
Pi o (19)

dy

C.4. Effects of Changing t (Transportation Cost)

As t increases, spatial differentiation becomes more important relative to price differences, so
demand becomes less price-elastic. This is the dominant effect:

0F;

—1s0 20

Tike (20)
Then: .
P;

—_ 21

7 >0 (21)

C.5. Effects of Changing « (Base Demand)

Higher « raises quantity demanded proportionally across all firms:

1 22

S >0 (22)
Hence: vt

P (23)

do
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D. Analysis of Dynamic Entry Game

This appendix proves the existence results for the dynamic entry game stated in Section 3 and
explains why multiple equilibria typically arise.
D.1. Proof of Theorem 2: Existence of SPNE

The proof proceeds in three steps:

Step 1: Bounded Number of Firms
We first establish that the entry process eventually terminates at some finite number of firms.

LEMMA 1 (Bounded Entry). There exists a finite upper bound N such that if N > N, no further entry
will occur in any SPNE.

PROOF. Fix any number of firms N > 1, any location configuration xy, and any price vector
p < [c,p]V. For each s € Sand each i € {1,...,N}, the effective price satisfies ¢ < Pi(s)<p+ td,
where d = max; ycs d(s, x). Hence the logit share obeys the uniform bound

exp(-BP;(s)) exp(-Bc) K

Li ) = < — = = —,
OP) " S exp(BP() © Newp(-p(p+i) N

where K = exp(B (7 + td - ¢)) is finite and independent of N and xy.
Moreover, individual demand satisfies g;(s, p) = « = YP; (s) < a—yc. Therefore,

QAP = [ 0(5) (s B) Li(5,p)d5 < (x-yO My,

and for each firm i,
— K C
Mi(p) = (Pi-9)Qi(p) < (P-o) (x=vO)M 5 = T,
where C= (p-¢)(x-yc)MK.
Consider now an entry stage with N incumbents. If a new firm enters, the subsequent price

subgame has N + 1 firms, so its one-period equilibrium profit is bounded above by C/(N +1). Since
N can only increase over time, its continuation value from entry is bounded by the perpetuity

C/((N+1)(1-15)). Choose
N = L + 1.
F(1-9)
Then for every N > N, any entrant’s continuation value is strictly below F, so entry is unprofitable.
Therefore, no further entry occurs once Nt > N. O

Step 2: Existence of Optimal Strategies at Each Stage

LEMMA 2 (Price Equilibrium Existence). For any number of firms N and location configuration Xy, a
pure-strategy Nash equilibrium of the price-setting game exists.
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PROOF. This follows directly from Theorem 1. The price-setting game satisfies the conditions of
Glicksberg’s theorem. O

LEMMA 3 (Optimal Location Choice). For any configuration of incumbent firms X, if entry is prof-
itable, there exists an optimal location choice for the entrant.

PROOF. Fix incumbents’ locations x;,, with N firms. For each prospective entrant location x € S,
consider the (N+1)-firm price subgame with location vector (x;,., X ), and let & (x;,,, Xg) < [c, p]V*!
denote its set of Nash equilibria. By Theorem 1, £(x;,,., X ) is non-empty for every xg; it is compact
because it is a closed subset of the compact set [c, ]V 1. Moreover, £(X;,,-) has a closed graph
(equilibrium conditions are preserved under limits by continuity of payoffs), so it is upper hemi-
continuous.

Define the entrant’s equilibrium-profit value function as the maximum profit over price equi-
libria,

Ve (XinC) xE) = max TNy (P; Xine xE) .
pee(xinC)xE)

The profit function TTy.1(P; X, Xg) is continuous in (p,xg) by dominated convergence (the
integrand is continuous in distances and uniformly bounded on S x [c, p]V*!). Berge’s maximum
theorem then implies that Vg(x;,,, -) is upper semi-continuous and attains a maximum on the
compact set S. Hence there exists an optimal entrant location x € argmaxy,cs Vg(Xj,, Xg). O

Step 3: Construction of SPNE

We construct an SPNE by backward induction on the number of incumbents, using the upper
bound N from Lemma 1.

Terminal case (N > N).. By Lemma 1, when N > N no further entrant can recoup the fixed cost,
so “do not enter” is optimal in every entry subgame. In every price subgame, a Nash equilibrium
exists by Theorem 1; playing a Nash equilibrium in each price subgame is sequentially rational.
Therefore an SPNE exists for every subgame with N > N incumbents.

Inductive step.. Fix N < N and suppose that for every location configuration xy1 there exists an
SPNE of the continuation game starting from the next entry stage with N + 1 incumbents. Consider
any subgame that begins at an entry stage with N incumbents located at xy. If the potential
entrant stays out, its payoff is 0. If it enters and chooses xg € S, the subsequent price subgame has
N +1firms and admits a Nash equilibrium by Theorem 1; thereafter, play follows an SPNE of the
continuation game by the inductive hypothesis. Let Wg(xy, xg) denote the entrant’s continuation
value from entering at xg (net of the fixed cost F) under this continuation play. By Assumption
2 and compactness of S, the set of optimal entry locations Xz (xy) = argmax,,.s Wg(Xn, Xg) is
non-empty. To complete the strategy definition, we employ a deterministic tie-breaking rule (e.g.,
lexicographic selection) to select a unique xz € Xz (xy). The strategy profile is then: the entrant
enters at xz if Wg(xn, xz) > 0 (and stays out otherwise); if entry occurs, play proceeds according to
the inductively defined SPNE. This construction satisfies sequential rationality at the entry stage
and, by hypothesis, in all subsequent subgames.
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Combining these strategies yields an SPNE for the subgame with N incumbents. By induction,
an SPNE exists starting from the initial empty market.

D.2. Proof of Theorem 3: Multiplicity of Equilibria

We now explain why multiple SPNE typically exist. The argument is constructive: we exhibit three
independent sources of multiplicity.

Source 1: Multiple Optimal Locations

LEMMA 4 (Location Multiplicity). There exist market configurations where an entrant has multiple
optimal locations that yield equivalent profits.

PROOF. Consider a symmetric case with p(s) uniform on a disc S, and two incumbents located at
opposite sides of the disc’s circumference. By symmetry, a third entrant has at least two optimal
locations that yield identical profits. Each of these location choices leads to a different market
configuration and affects the entry decisions and optimal locations for subsequent entrants. [J

Source 2: Path Dependence

LEMMA 5 (Path Dependence). Different sequences of entry decisions can lead to different equilibrium
market structures.

PROOF. Letxy = (x{l,x‘z“, .. .,xﬁ,A) and xg = (xf, xf, . ,xﬁB) be two different location configu-
rations reached through different entry sequences. Because locations affect equilibrium profits,
the continuation value of entry max,,.s Wg(X, xg) can differ across configurations. It is therefore
possible that max,, s Wg(x4, xg) > 0 while max,, s Wg(Xg, Xg) < 0, meaning entry continues in
path A but stops in path B. This leads to equilibria with different numbers of firms. O

These sources of multiplicity establish that the entry-location-price game typically admits
multiple SPNE, completing the proof of Theorem 3.
D.3. Market Structure Properties

We now provide the reasoning for the comparative statics on market structure presented in
Proposition 3.

PROPOSITION 7 (Entry Cost Effect). The equilibrium number of firms N* is non-increasing in the entry
cost F.

PROOF. Entry occurs in an entry subgame if and only if max,,.s Wg(xn-1,Xg) > 0, where the
fixed cost enters the continuation value subtractively. Increasing F weakly decreases Wg in every
subgame, which cannot increase the number of firms that enter in equilibrium. O

PROPOSITION 8 (Market Size Effect). The equilibrium number of firms N* is non-decreasing in the
market size M = [ p(s)ds.
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PROOF. A proportional increase in p(s) across all locations increases per-period demands and
profits proportionally. This raises entrants’ continuation values Wg, so entry becomes more likely
for a given number of incumbents and equilibrium market size may increase. O

PROPOSITION 9 (Competition Parameters). The equilibrium number of firms N* is:
a. Non-increasing in 3 (choice intensity parameter)

b. Non-increasing iny (demand price sensitivity)

c. Non-decreasing in t (transportation cost parameter)

PROOF. From Section C, the comparative statics discussion suggests that:
- Higher f and vy intensify price competition, reducing equilibrium prices and profits
- Higher t softens price competition, increasing equilibrium prices and profits
Since the entry decision is based on the sign of max, s Wg(Xn-1, Xg), lower profits make entry
harder to justify, while higher profits make it easier. The effects on N* follow accordingly. O
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